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Abstract In this paper, a new Michaelis—Menten type chemostat model with time
delay and pulsed input nutrient concentration in a polluted environment is considered.
We obtain a ‘microorganism-extinction’ semi-trivial periodic solution and establish
the sufficient conditions for the global attractivity of the semi-trivial periodic solution.
By use of new computational techniques for impulsive differential equations with
delay, we prove and support with numerical calculations that the system is perma-
nent. Our results show that time delays and the polluted environment can lead the
microorganism species to be extinct.

Keywords Permanence - Impulsive input - Michaelis—Menten type chemostat
model - Time delay for growth response - Extinction

1 Introduction

A chemostat is basically a culture vessel having an input aperture for the influx of
sterile nutrient medium from a reservoir and an overflow aperture for the efflux of
exhausted medium, living cells, and cellular debris. The device (and the term “chemo-
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stat”) was invented by Novick and Szilard [1]. Chemostats consist essentially of two
primary parts: a sterile nutrient reservoir and a growth chamber. By controlling the
levels of the limiting nutrient, bacterial culture in the growth chamber can be kept at a
reduced growth rate over an indefinite period of time [2]. As medium flows out from
the growth chamber, bacteria and byproducts can be harvested. For example, chemo-
stats are frequently used in the industrial manufacturing of ethanol. Chemostats also
allow this yield and growth rate to be controlled independently. A biomathematical
model of the process would be helpful in developing strategies and since commercial
production can take place on a scale of many generations, it is important to understand
the asymptotic behavior of the system. Chemostats with period inputs are studied in
[3], with periodic washout rate in [4] and with periodic input and washout in [5].
However, existing theories on chemostat models largely ignore the effects of environ-
mental pollution. Environmental pollution caused by various industries and pesticides
used in agriculture is one of the most important social and ecological problems at
present. In order to use and regulate toxic substance wisely, we must assess the risk
of the population exposed to toxicant. Therefore, it is important to study the effects
of toxicant on populations and to find a theoretical threshold value, which determines
permanence or extinction of a population community. Many mathematical chemostat
models have been considered in the literature [3—17]. While the Monod model [7] has
some success in describing steady state growth rates, it has been found inadequate
to predict transients observed in chemostat experiments where the initial data is not
at the globally attracting steady state. Lag phases occur in the growth response of
microorganisms to changes in the environment and the models take the form of delay
differential equations [8—15]. We refer to Hsu and Tseng [10], Wolkowicz and Xia
[11], and the references therein, for more detailed discussions on chemostat model-
ing approaches using delay differential equations [8—15]. The microbial continuous
culture has been investigated in [1-17] and some interesting results were obtained.
Many scholars pointed out that it was necessary and important to consider models with
periodic perturbations, since these models might be quite naturally exposed in many
real world phenomena (for instance, food supply, mating habits, harvesting). Systems
with sudden perturbations lead to impulsive differential equations, which have been
studied intensively and systematically in [18-28]. The authors in [29-32] introduced
some impulsive differential equations in population dynamics and exhibited complex
behavior of impulsive equations. In recent years, the research on the chemostat model
with impulsive perturbations is a relevant subject in mathematical biology, but not
totally developed (see [33—-37] and the references therein). Furthermore, high dimen-
sional delay chemostat models with pulse have never been seen by now. However, this
is an interesting problem in mathematical biology.

Therefore, it is relevant to introduce delayed growth response, impulsive input nutri-
ent concentration and impulsive input toxicant concentration to a chemostat model.
While delay differential equations have been widely used in modeling population
dynamics, some practical problems have to be overcome when applied to models of
the chemostat. We remark that the dynamics of impulsive and delayed differential
equations are usually more difficult to study than that of ordinary differential equa-
tions. As a result, fewer analytic tools are available for studying the dynamics of
impulsive and delayed differential equation, so, chemostat models with impulse and
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delay are not extensive. In this paper, we consider a Michaelis—Menten type competi-
tion chemostat model with impulsive input nutrient concentration and delayed growth
response in a polluted environment, and investigate how the impulsive perturbation of
the substrate, time delay for growth response and impulsive input toxicant affect the
dynamic behavior of the chemostat system.

2 Model and preliminaries

Hsu and coworkers [9,10] studied a chemostat model with the microbial continuous
culture
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where S(¢) denotes the concentration of the unconsumed nutrient in the growth vessel
attime ¢ and x; () (i = 1, 2) denote the biomass of two populations of microorganisms
at time 7. Sp and D are positive constants and denote, respectively, the concentra-

tion of the growth-limiting nutrient and the flow rate of the chemostat. The function

i S(1)x; (1
p(S) = % represents two species specific per-capita nutrient uptake rate.
More details can be seen in the papers of Hsu and coworkers [9, 10]. Hsu and cowork-

ers [9,10] considered chemostat-type competition models with continuous culture and
presented some basic progress on global qualitative analysis of solution to (1).

The taken nutrient cannot translate instantaneously into viable microorganisms,
that is, there is a time delay in the growth response that describes the lag involved in
the nutrient conversion process. At the same time the pulsed input concentration the
toxicant may lead to the microorganisms species be extinct in the polluted chemostat
environment. Therefore, we consider the polluted Michaelis—Menten type chemostat
model with pulsed input and delayed growth response in this paper.

The goal of this paper is to give a description of some of the basic dynamical
properties of a chemostat model with delayed growth response and impulsive pertur-
bation on the nutrient concentration in a polluted environment, which incorporates the
Michaelis—Menten functional response and two competitive predator species xp, x2.
The model takes the form

- wiS(t)xi(t)
S(t) = —DS(Z)—;m, t #nT,neN,
xj(t) = e D0l u1S(t —t)xi(t — 71)
Ki+ 8@t —1)

—pBixax; — (D +ric()x1(t), t #nT, n € N,
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_pr, 28t — ©)x2(1 — 12)
Ky + St — 1)

—Pox1xp — (D +rc(t)x2(t), t #nT, ne N,

xh(t) =e

c(t)=—-Dc(t), t#nT,neN,
AS =SmTH) = SmT)=ySy, Axi=x1(nT") —x;(nT)=0, t=nT,n €N,
Axy = xo(nTT) —xo(nT) =0, Ac =c(mTt) —c(nT) = yco, t =nT, n €N,

S(0F) =0, x1(07) =0, x2(07) =0, ¢(07) =0 @

where c(¢) is the concentration of the toxicant in the chemostat, r; > 0@ = 1, 2)
is the rate of death of the killed microorganisms by the toxicant. AS = T = y/D
is the period of the pulsing, y Sy is the amount of limiting substrate pulsed each 7.
DSy units of substrate are added, on average, per unit of time. y ¢ is the amount of
pulsed input concentration the toxicant at each 7. The constant 7; > 0( = 1, 2)
denotes the time delay involved in the conversion of nutrient to viable biomass. The
positive constant, e~ P (i = 1,2), is required, because it is assumed that the cur-
rent change in biomass depends on the amount of nutrient consumed t;(i = 1, 2)
units of time in the past by the microorganisms that were in the growth vessel at
that time and managed to remain in the growth vessel the 7; (i = 1, 2) units of time
required to process the nutrient. S(nT ") = lim,_,,,7+ S(¢), and S(¢) is left contin-
uwous at t = nT, ie., SmT) = lim,_,,7- S(),x;(#)(i = 1,2) is continuous for
all t > 0, c(nTT) = lim,_, 7+ c(¢), and c(¢) is left continuous at ¢t = nT, i.e.,
c(nT) = lim,_, ,7- c(¢), the details can be seen in the books of Laksmikantham et al.
[18], Haddad et al. [19] and Zavalishchin and Sesekin [20].

Motivated by the application of systems (2) to population dynamics (refer to [38]),
we assume that solutions of systems (2) satisfy

S, x1,x2,¢c€Cy. 3)
Lemma 2.1 (see [18]) Consider the following impulse differential inequalities:

w' () < (Z)pOwt) +q(1), t#n,
w(tt) < )dkw(t) + bk, t=1t, keN,

where p,q € C(R4, R), dy > 0, and by are constants.
Assume

(Ap) the sequence {t;} satisfies 0 <ty <t] <tp <---, withlim;_,  ty = 00;
(A1) w e PC'(Ry, R) and w(t) is left-continuous at ty, k € N.
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Then
t
w(t) < Gwit) [] deexp / p(s)ds
o<t <t 1
13
+ > ] diexp /p(s)ds by
fo<tp<t \Ip<tj<t I
t
/ H di exp /p(e)de q(s)ds, t > 1. 4)
s<tp<t s
Lemma 2.2 ([38]) Consider the following delay differential equation
PO axt =0 - bx(o)
= ax —T) — DX .
dt
where a, b, T are all positive constants and x(t) > 0 fort € [—t, 0].
(1) Ifa < b, then lim;_, o, x(t) = 0.
(ii) Ifa > b, then lim;_, 5, x(t) = +00.
For convenience, we give the basic properties of the following system:
S'(ty=—-DS(t), t#nT, neN,
Sty =St)+ySy, t=nT, neN, (3)
S(O0F) =S810>0
and
c(t) =—Dc(t), t#nT, neN,
ctt)y=c@)+yco, t=nT, neN, (6)

c(0™) =cj9 > 0.

Lemma 2.3 System (5) has a positive periodic solution S*(t) and for any solution
S(t) of (5) with initial value Sy > 0, we get |S(t) — S*(¢)| — 0ast — oo, moreover

@ if S0 = 5 —DTr then S(t) > S*(t);
Qi) if Si0 < 7%, then S(1) < §*(1)

D(t—nT)

where $*(1) = Y0 — 1 € (0T, (n+ DT].n € N, $*(0F) = 235

Proof For integrating and solving the first equation of system (5) between pulses,

yields

St) = S(mT)e PV uT <t <@+ DT,
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where S(nT) be the initial value at time nT . Using the second equation of system (5),
we deduce that

S((n+ DT) = SnT)e P +ySy = f(S(nT)), ©)

where f(S) = e TS + ySp. Equation 7 has a unique positive equilibrium §* =
1—yeLEODT' Since f(S) is a straight line with respect to S with slope less than 1, we
obtain that S* is globally asymptotically stable. This implies that the corresponding

periodic solution of system (5), is globally asymptotically stable. It is clear that

y Spe=P=nT)

¥ S0
1 —e DT

NOE  1EMT, 1+ DT] neN, 07 =——5

is a positive periodic solution of (5). The solution of (5) is S(¢) = (S(0™) — §*(0"))
e P4 §*(t),t € nT,(n + 1)T), n € N. Hence |S(t) — S*(t)] — 0 ast — oo.
And S(t) > S*(¢) if Si0 > 1_};‘5007 and S(r) < S*(r) if S19 < 1_12,5001 . This proof is
complete. O

Lemma 2.4 System (6) has a positive periodic solution c¢*(t) and for any solution
c(t) of (6) with initial value c19 > 0, we get |c(t) — c*(t)] — 0 ast — 0o, moreover

@) ifero = 557, then c(t) = c*(1);
(i) ifcyo < lfycom, then c(t) < c*(t)

e—

.. ,—D(t—nT) .
where c*(t) = %,t e mT,(n+1)T],ne N,c*(0") = %

Lemma 2.4 can be analyzed by the same method as the above Lemma 2.3. So we
omit it.

Lemma 2.5 If(S(¢), x1(t), x2(¢), c(t)) is any solution of system (2) with initial condi-

tion (3), then there exists any small constant € > 0 such that S(t) < 1_2“5007 +e=:n,

xi(t) < Sinoe;lI,);‘i[)lT +e = Li,i = 1,2and 0 < myg < c(t) < M4 where

yeoe T yco
T =max{1y, 02}, my = T —pr — € and My = = —pr + € for t large enough.

Proof Let (S(t), x1(t), x2(t), c(t)) be any solution of system (2) with initial condi-
tion (3).
Let

2
lWﬂ:eJhM0+§:§m0+n)
i=1 '

The upper right derivative of W (¢) along the trajectories of (2) is

W (1)

IA

Dt D D
—De ™ "'S(t) — —x1(t +711) — —x2(t + 12)
S1 &
— _DW(@)
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Consider the following impulse differential inequalities:

W'(t) < —DW(t), t#nT,neN,
Wity =W@) +e PTySy, t=nT, neN,

by Lemma 2.1, we obtain

o—D=T)

W(f) < W(O+)6_Dt + e_Dt)/S()l_e—_DT

eDT eDT

+€_DT)/S()W — €_DT)/S()m, t — 0o0.

According to the definition of W(¢), it can be seen that S(tr) < n and x;(¢t) < L;
(i = 1,2) for t large enough. From system (6), we have that

—D(t—nT)

reoe te T, (n+ 1T}, ne N, ¢*(0) = —X2

0= —

is a globally asymptotically stable positive periodic solution of system (6). Hence, we
have that

DT

ycoe % Y co
T—enr =CW=y"pr 120
By Lemma 2.4, we get that
-DT
ycoe Yo
0<m4=W—E§C(I)SM4=W+E
for € small enough and ¢ large enough. The proof is complete. O

Let Ry = [0, +00), Rt ={X € R*: X >0, X = (S, x1, x2, ¢)}, N be the set of
nonnegative integers. Denote f = (f1, f>, f3, f4)T the map defined by the right-hand
of the anterior two equations of system (2). Let V : R4 X Ri — R4. Then V is said
to belong to class Vp if

(i) V iscontinuous in (nT, (n + 1)T] x Ri and for each X € Ri, neN,
lim(,’y)_)((,,T)ﬂX) Vi(t,y) = V((nT)+, X) exists;
(ii) V is locally Lipschitzian in X.

Lemma 2.6 ([18])LetV : Ry x RY — Ry, and V € V. Assume that

DYV (t,z(t)) < (=)g(t, V(t,z(1))), t#nT,
Vit,z()T) < )W, (V(t, z(1))), t=nT,

where g : Ry x Ry — R is continuous in (nT, (n + 1)T] x R4 and for each
x € Ry,n €N, lim(t,y)ﬁ((nT)Jr’x)g(t, y) = g((nT)*, x) exist; ¥, : Ry — Ry is
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nondecreasing. Let r(t) = r(t, 0, ug) be the maximal (minimal) solution of the scalar
impulsive differential equation

u =g(t,u), t#nT,
u(t™) = W, (u@)), t=nT,

existing on [0, 00). Then V (0, z9) < (>)ug impliesthat V (t, z(t)) < (>)r(t),t > 0,
where z(t) = z(t, 0, zo) is any solution of (2) existing on [0, 00).

3 The main results

First, we investigate the extinction of the microorganism species, that is, micro-
organism are entirely absent from the chemostat permanently, i.e.,

x1(t) =x() =0, r>0.

This is motivated by the fact that x7 = 0(i = 1, 2) is an equilibrium solution for the
variable x; (1) (i = 1, 2), as it leaves xlf (t) = 0(i =1, 2). Under these conditions, we
show below that the nutrient concentration oscillates with period 7 in synchronization
with the periodic impulsive input nutrient concentration, and the concentration of the
toxicant in the chemostat oscillates with period T in synchronization with the periodic
impulsive input the toxicant.

By Lemma 2.5 and the second and the third equations of system (2), it follows that

x[(t) < pie Pixi(t — ) — (D +rima)xi (1), i=1,2

DT -DT

coe
—e. Clearly, if ;e Pt < D-H’ii/_oe—,mv

ycoe
1 —e DT

yeoe~ DT

] —e DT

—DT,‘ <

where my4 = then p;e

D+ — € for € small enough. By Lemma 2.2, we have lim;_, o x; (¢) = 0

yeoe=PT

-DT’
ultimately extinct. Thils sh%ws that the specific growth of the microorganism species
can not supply the losing of the microorganism species to flow out and the death of
the microorganism species which is killed by toxicant no matter how much input the
ycoe
1

if pie P% < D +r; which implies the microorganism species becomes

—DT
nutrient. Therefore, we assume /Lie_D > D+4r; 57 (i = 1, 2) in the rest of this
paper.

By Lemmas 2.3 and 2.4, we have the following Lemma 3.1.

Lemma 3.1 Systems (5) and (6) have a unique positive periodic solution S*(t) and
c* (1), respectively, that is, the system (2) has a ‘microorganism-extinction’ semi-trivial
periodic solution (S*(t), 0,0, ¢c*(t)) fort € (nT, (n + 1)T),n € N, for any solution
(S@t), x1(t), x2(t), c(t)) of (1) we have S(t) — S*(t) and c(t) — c*(t) ast — o0.
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Theorem 3.1 Periodic solution (S*(t), 0,0, c*(¢)) of system (2) is globally attrac-

tive if

K (1 — e’DT) [D (eDT — 1) —i—rlyco]
(ule—Dfl — D) (eDT — 1) —r1yco

K> (1 — e’DT) [D (eDT — l) + rzyco]
(n2e=Pm — D) (ePT — 1) — rayco

ySo < min[

®)

(eDT — 1) [ySo (me‘D” — D) — KD (1 — e_DT)]
ri[ySo+ Ki (1 —e=PT)]

(eDT — 1) [)/So (,uze_D’Z — D) — K>D (1 — e_DT)]
r [ySo+ Kz (1 —ePT)]

> 0,

yco > max l

> O} ©)

where y = T D.

Proof Let (S(t), x1(2), x2(¢), c(t)) be any solution of system (2) with initial condition
(3). From (8) or (9), we have

— S
mnie bu 17);—0DT )/Coe_DT
— s <D+r1—1 BT
K|+ T-bT —e
- S
Hae Dn% coePT
l1—e Yco
— Vs <D—+—r2—1 —BT "
K> + T—e—DT —€
je Ptz . . . . .
Since p(z) = Fg—===,i = 1,2 is strictly increasing for all z > 0, we may choose a
sufficiently small positive constant & such that
—D1y
e
me 0 < D +rimy,
Ki+1n
—Dr. (10
poe” "
———— < D+rmy
K> +1
where
__¥So _ ycge P
=1 _or T& M= oor T

It follows from that the first equation of system (2) that §'(f) < —DS(z). So we
consider the following impulse differential inequalities:

S'(ty < —DS(@t), t#nT,neN,
Sty =80t)+ySy, t=nT, neN.
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Using Lemma 2.1, we have

: ¥ So
imsup S = 7= o7

Hence, there exist a positive integer n1 and an arbitrary small positive constant £ such
that forall t > n T,

¥ So ycoe PT
S(t)fw-i-l?::ﬂ, C(I)ZW—EZHM. (11)

From (11) and the second and the third equations of (2), we get that, fort > n|T + 7,

X (1) < e o n) — (D 4 im0,
Ki+n

—D1y
pane
xXh(t) < ==—————x2(t — 12) — (D + ramy)xa(2).
(1) < Kyt 2( 2) — ( 2m4)x2(t)

Consider the following comparison equation

—D1
nine
(1) = WZI(I —11) — (D +rimy)z1(1),
—D1y
pane
L) = ——— t — — (D 7).
25(1) Kyt n 2(t — 1) — (D + ramyg)z2(1)

By Lemma 2.2 and (10), we obtain that
lim z;(r) =0, i=1,2.
11— 00

Since x;(s) = zij(s) > 0,i = 1,2 for all s € [—7, 0], by the comparison theorem
in differential equation and the nonnegativity of solution (with x;(¢) > 0), we have
that x; (t) — 0@ = 1, 2) as t — oco. Without loss of generality, we may assume that
0 < x;(t) <e(@ =1,2)forall t > 0, by the first equation of system (2), we have

2
i€
S'ty>—-|D — )s@).
(1) = ( +;a,~1<i) ()
Consider the following impulse system

2
Z%(f) = —(D-i-ch—l[j)&(t), t #nT, n € N,
i=1 '

3@ =z3()+ySy, t=nT, neN, (12)
23(07) = S(0™).
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Then we have that, fornT <t <+ 1T,

(2 #5 ) e-n)

23(1) = )T

2 ne
1— e_(DJ"Zi:I 5K

is a unique globally asymptotically stable positive periodic solution of system (13).
By Lemma 2.6, 73(¢) < S(¢) and Z3(t) — S*(¢) as ¢ — 0. Hence, for any &; > 0,
there exists such a 77 > O that, for r > T,

S@) > z3(t) — ey. (13)
On the other hand, from the first equation of (2), it follows that

S'(t) < —DS(2).
Consider the following comparison system

74(t) = —Dza(t), t#nT, n€N,
(") =z24(t) +ySo, t=nT, n€eN, (14)
24(0%) = S(0™).

Then we have
S@) < z4(t) + &1 (15)

as t — oo and z4(t) = S*(t), where Z4(¢) is a unique positive periodic solution
of (15).

Let ¢ — 0, then it follows from (13) and (15) that

S*(t) —e1 < S(t) < §*(@t) + &1,

for ¢ large enough, which implies S(¢) — S*(¢) as t — oo.

Since the variables S, x; and x2 do not appear in the fourth equation of system (2),

then we only need to consider the subsystem of (2) as follows:

c(t) =—Dc@), t#nT, neN,
c(tt)y =ct)+yco. t=nT, neN,
c(0%) =c10 > 0.

According to Lemma 2.4, we get that ¢(t) — c¢*(¢) as t — oo. This completes the
proof.
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Corollary 3.1 Periodic solution (S*(t), 0,0, c*(¢)) of system (2) is globally attrac-
tive if

1y So (ePT —1)
[K1 (1 — e—DT) + ySo] [D (eDT - 1) + r1yco]’

1
T >max[—1n

1 In pay So (ePT —1)
D [Ka(1—=ePT) +ySo][D (ePT — 1) + rayco]

where y = T D.

Theorem 3.2 There exist some constants mp > 0,m3 > 0 such that liminf,;_, 5
x1 = my and lim inf;_, o, X = m3, provided

K1 (D + BiLy + ri1 My) (e(D+M2L2/(52K2))T — 1)
¥ Sp > max - >0,
pie=P™ — (D + BiLa + riMy) (16)

K> (D + BoLy + raMy) (e(D+mL1/(51K1))T — 1) 0

>

poe= P — (D + poLy + raMy)
or

| =P {ysomePn [y So+ Ko (e(PHL2/G2KDT 1) | (D41 L)}
yco = mm 7y [ySoH(l (e(Dﬂsz/(ész))Tf]) ’

(1797DT){VS0M2971)I2*|:)/S()+K2 (e(D+”1Ll/(‘slkl))T,])](D+52Ll)} 17)
rz[ySO+K2 (e(DWILl/(M K1>)T_1)]

Proof Suppose that (S(¢), x1(t), x2(t), c(t)) is any positive solution of system (2)
with initial conditions (3). From the first equation of system (2), we have

dS Mmi1 n2
s (p+Lrn,+ 22 10,)s0). 18
dr — ( Yk T ek 2) ® (18)

Consider the comparison system
61K K>

257 = z5(t) + ySo. 1 =nT, 19)
z5(0%) = S(01).

() = — (D + Py ﬁLz) 5@),  #nT,

¥ S0 exp[—(D+5“—,‘(L1+5“—,%Lz)T]
e — ¢ > 0. From Lemmas 2.1 and 2.6, we
l—exp[—(D+WL1+WL2)T}

have S(¢) > m for t large enough.

Let m; =
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From (16), we can choose ¢ small enough such that

> 0,

—In —D
75} Ki (D + B1Ly +riMy) » K>

81K |:1 (ySo[leeD” — (D + BiLa +riMy)] +1) paLlo ]
T

8Ky | 1 So [ae=P™ — (D + BoLy + 1M L
2 2|: ln()/ 0 [12 ( BaLy+ 12 4)]+1)_M1 1—D:|>0.

m2 | T K> (D + BaLy +raMy) 1K1
Take
51K, | 1 So [p1e P71 — (D+B1 Ly+r M. L
0<my< 2K Ly ¥ So [mi (D+B1L2+r 4)]_|_1 _aly ’
wr | T K1 (D+B1Ly+riMy) 5 K>
5Ky | 1 S e P2 (D4BLi+rM L
0<my <22 Ly ¥ So [ 12 (D+B2L1+r2 4)]_’_1 mli o1
w2 | T K> (D+pB2L1+r2My) 51 K1

(20)

In the following, we want to find m, > Oandms > 0, suchthatx (¢) > m2, x2(t) >
m3 for ¢ large enough. We will do it in the following two steps for convenience.

Step I: We will prove there exist #1, #> € (0, co) such that x;(t;) > m> > 0 and
x2(tp) > m3 > 0. Otherwise, there will be three cases:

(1) There exists a t, > 0 such that x> (t2) > m3, but x;(¢t) < my forall t > 0;
(i1) There exists a f; > O such that x;(¢1) > my, but x,(t) < m3 forall t > 0;
>iii) x1(t) < mo, x2(t) < ms forallt > 0.

We first consider case (i). According to the above assumption, we get

S(t) = _(D‘f‘m +52_KL2) S(t)~ (21)

By Lemma 2.6 on (21), we have S(t) > z¢(¢) and z¢(t) — z6(t) as t — o0, where
z6(1) is the solution of

rt)y=—|D+ — ey’ 1), t T,
76(1) ( +5K1 +8K 2)Z6() #Fn

26(tT) = z6(t) + ySo, t =nT, (22)
26(0) = 5(0™),

and

y So exp [— (D+51K|m2+8 2) (t—nT)]

L —exp|— (D + ima + 5% L2) T

26(1) =
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ySoexp|— (D + skma + 4 L2) T

> =:7.
L —exp|— (D + tima + 5% L2) T
Then, from (20), we have
oD MU= E) DMy, (23)

Ki+n—e¢
Therefore, there exists a ¢ > 0 small enough, such that S(¢) > z¢(f) > n — ¢ and

dxq(1) - ni(n —&)xi(t —11)
dt  — Ki+n—e¢

—(BiL2+ D +riMyxi(t).  (24)

By Lemma 2.2, (23) and (24), we have that x1(f) — oo as t — 00, which is a
contradiction.

Similarly, we can prove x; () — 0o ast — oo in case (ii), which also is a contra-
diction.

Last, we consider case (iii). The second and the third equations of system (2) may
be rewritten as follow:

S
X (1) = [me"" S0 Brxa(t) — (D + rlc(r»]

K1+ S@)
t
_pn @ S(0)x1(0)
X X1 (t) — M€ 15 / I(1+—S(0)d9, (25)
-1
xh(t) = |: eiDQ& — Box1(t) — (D +r c(t))i|
2(1) = | n2 K+ 50 2X1 2
t
_pn, d S(0)x2(0)
X x2(t) — uoe ZE / I{z—}——S(Q)dQ
t—1
Define
[ S©)x16) A0
_ —Dt ! —Dr X2
V() =x1(t) +x2(t) + e 74 / —Kl 5@ do + ppe 7" / —Kz n S(@)d@
t—1 S 9]

Calculating the derivative of V (¢) along the solution of (2), it follows from (26) that

dVv S
dt(” _ [ LoD K1+tx)9(t) — Bia(t) — (D + r1C(t))] (1)
S(t)

—Dnp
* [“ 2K+ S0

— poxi1(t) — (D + rzC(t))] x2(r). (26)
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According to Lemma 2.5, for any ¢ > 0 small enough, there exists a positive constant
T, such that for ¢t > Tj,

C
c(:)gl_ye—fm+e=M4.

Hence follows from (26) that

dv(t) . [Mle—ml& — BiLy — (D +r1M4)] x1(#)

dt Ki+S@)
+ [Mze_D”& — Bl — (D + r2M4)] x2() (27)
Ky + S(1)
pre Pn S(t)
= (B1L2 + (D +r1 My)) [ﬁ1L2+ Dy Kitso } 1(7)
+ (B2L1 + (D + r2My)) [ e 0" IO 1} x2(1),
BoLi + (D +raMy) Ky + S(t)

fort > Tj.

From the first and fourth equations of system (2), we have

pama paLlo
51K K>

STy =St)+ySo, t=nT

S'(@t) = - (D + = ) S(@), t#nT,

and

uily  poms

S't)>—|D
“ = ( Jr51K1+52K2

Sty =S@)+ySo, t=nT.

) S@), t#nT,

Then, by Lemma 2.1, there exists such 7> > ty + t, for t > T5 that

¥ So exp [— (D + 61K1 Fmy + 821(2 L2) T]

S(t) >
1 —exp [— (D+ 81K1m2 + 82K2L2) T]

—e =i (28)

and

¥ So exp [— (D + Ly + J—;zm) T]
S(t) > —&=:n. (29)
1—exp[—(D+51K1L1—f-62,(2 )T]
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From (20), (28), (29) and (16) or (17), we have
pie Pn Uil

. =1 (30)
Bl + (D +riMy) Ki+m

and

—D1y

Hae P G1)
PoL1+ (D +rMy) Kr+m

From (28), (28), (29), we have

d‘;t(t) > (B1L2 + (D +riMy)) |:,31L2 il(eDL:IrlM4) : K1n41— i 1} x1(1)
+(BaL + (D + 12Ma) [ o~ _’f(el;Dfrz - 1}@(:),
fort > T* = max{Ty, T»}. (32)
Let
= min x@), i=1,2.

te[T*, T*+1]

We show that x; () > xf foralls > T*,i = 1, 2. Otherwise, there exists a nonnegative
constant 73 such that x; (1) > xf fort e [T*, T*+ 1+ T3], x(T*"+1+4+T13) = xf and
xl.’ (T* 4 t + T3) < 0. Thus from (30), (31) and the second and third equations of (2),
we easily see that

ni
Ki +n;

—(D+,3,'Lj+r,-M4)] x!

pie”PT o _1:|xl
D+ BiLj+riMy Ki+n; '

xX(T"+1+T3) > I:/LieD’

=D+ BiL; +I‘iM4)|:

>0,i,j=12i%],

which is a contradiction. Hence we get that x; () > xf > Oforallz > T*.
From (30), (31) and (32), we have that for ¢t > T* = max{Ty, T»},

dv(t e~ P
@ (ﬁ1L2+(D+r1M4))[ ad (L —1} X
dt BiLly + (D +riMy) Ki+m
—D1np

| 2%X4 n2 i

+(B2L1 +(D+V2M4))[ . - 1}6

BoL1+ (D +rMsy) Ko+m 2

>0, (33)
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which implies V(1) — 400 as t — +o0o. This contradicts V(1) < Z?zl(l +
i tie~PT%)L;. Therefore, for any positive constant fg, the inequality x1(t) < mo,
x2(1) < m3 cannot hold for all r > 1.

From the above three cases, we conclude that, there exist ¢, f; such that x(z;) >
ma, x2(f2) > m3.

Step II: If x;(¢) > m;41,i = 1,2 for all t large enough, then our aim is obtained.
Otherwise, x; (¢) is oscillatory about m2;41.

Let

. [ Mt _ Lty .. . .
m;.'(+1 :mln{ ! ,mig1e (D+,31Lj+r,M4)r}’ ij=1,2 j#i.

We claim x;(t) > m?‘H,i = 1, 2. In the following, we shall prove that x;(#) >

ml* . (i = 1, 2). There exist positive constants ; and w; such that
xi(t) = xi(ti + ;) = miyy
and
xi(t) <mjyy, fort; <t <t +w;.

When ; is large enough, x; () < m;y) fort; <t < t; +w;, then inequalities S(r) > n;
and c(¢) < M4 hold true. Since x; (¢) is continuous and bounded and is not effected by
impulses, we conclude that x; () is uniformly continuous. Hence there exists a constant
T4 (with 0 < Ty < t and T4 is independent of the choice of 7;) such that x; () > %
forallt; <t < t; + Ty. If w; < Ty, our aim is obtained. If T4 < w; < 7, from the
second and the third equations of (2) we have that xlf ) = —=(D+BiL;+riMy)x;(t)
forfy <t <f 4w, i, j=1,2,j #i. Then we have x; (t) > mj; e (PTALj+riMi)T
fort; <t <t + w; <1t + 7 since x;(#;) = m;y1. Itis clear that x; () > m;"H for
t, <t <t +w. If oj > 7, then we have that x; (t) > my, fory; <t <+t
Thus, proceeding exactly as the proof for above claim, we can obtain x; (1) > m;, | for
i +T <t < t; +w;. Since the interval [f;, &; + w;] is arbitrarily chosen (we only need
1; to be large), we get that x; (1) > m] 4 for 7 large enough. In view of our arguments
above, the choice of m 1 is independent of the positive solution of (2) which satisfies

that x; (t) > mj, for sufficiently large 7. The proof is complete. O

From the above proof, we can obtain a corollary as follows:

Corollary 3.2 The system (2) is permanent provided that (16) or (17) hold true.

4 Discussion and numerical simulation

In this paper, we consider a Michaelis—Menten type competition chemostat model
with impulsive input nutrient concentration and delayed growth response in a pol-
luted environment. Our main aim is to investigate how the impulsive perturbation of
the substrate, time delay for growth response and impulsive input toxicant affect the
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1.2 (a) 1.2 (b)
1 1
08 081
x1 06 X2 06
0.4 04
02 02
\
0 5 10 15 20 25 0 0 5 10 15 0 5 30

t t

Fig. 1 Dynamical behavior of the system (2) with u; = 1.1, up = 1,81 =8, =1, K1 = 0.8, K» = 0.9,
D=05r=rn=068=p=02,11=1=0.1,yS =0.5, yco = 0.3, T = 1. a Time-series of
x1(t). b Time-series of x(t)

dynamic behavior of the chemostat system. All these results show that dynamical
behavior of system (2) becomes more complex under periodically impulsive inputting
substrate. In Sect. 3, we give the conditions for the population of microorganisms will
eventually be washed out of the chemostat and the conditions for the population of
microorganisms will eventually be permanent. Theorem 3.1 shows if the impulsive
periodic input nutrient concentration y Sp is under certain value or the impulsive peri-
odic input concentration the toxicant y ¢y is over certain value, then the population of
microorganisms will be eventually extinct (see Fig. 1a, b). Then the microbial culture
is failed. In this case, the substrate S(#) and the microorganism x;(#)(i = 1,2) can
not coexist. In Sect. 3, we give the conditions for permanence of the microorganisms
species. Theorem 3.2 shows if the impulsive periodic input concentration the nutrient
y Sp is over certain value or the impulsive periodic input concentration the toxicant
y co is under certain value, then the microorganisms species is permanent (see Figs. 2a,
b; 3a, b). In this case, the microorganism is obtained. Then the microbial culture is
successful. Obviously, if both the continuous culture and the impulsive culture can
obtain the microorganism, the latter is better than the former since the impulsive cul-

03285 1 (a) 0.3285 1 | ®
03284 03284
0.3283 1 0.3283 !
x1 03282 x2 0.3282 |
0.3261 03281 1 . |
0328 1 0328 4 Wi
03279 1 0.3279 A ,
50 &5 60 65 70 75 100 M5 10 1%

1 t

Fig. 2 Dynamical behavior of the system (2) with u; = 1.1, up = 1,81 =68, =1, K1 = 0.8, K» = 0.9,
D=05r1=rmn=068=p=02,t1 =1=0.1,yS) = 1.2, T = 0.5. a Time-series of x1 () with
yco = 0.3. b Time-series of x;(t) with yco = 0.3
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(a) (b)

Fig. 3 Dynamical behavior of the system (2) with u; = 1.1, up = 1,81 =8 =1, K1 = 0.8, K, = 0.9,
D =05r =rmn=068 =8 =02,711 =1 =0.1,ySy = 1.2, T = 0.5. a Phase portrait of
S(t), x1(¢) and x(r) with ycg = 0.3. b Phase portrait of ¢(¢), x1(t) and x,(¢) with yco = 0.3. ¢ Phase
portrait of S(¢), x1 (¢) and x2 (¢) with yco = 0.9. d Phase portrait of ¢(¢), x1 (¢) and x» (¢) with ycg = 0.9

ture can save the substrate. Whether the microorganism is extinct or not is determined
completely by the input amount of the substrate y Sy and concentration the toxicant
y ¢ for the fixed period nT.

The environment with no pollution is in favor of living of the microorganism spe-
cies. Otherwise, the polluted environment can lead to the microorganism species be
extinct (see Fig. 3c, d). This shows that the input concentration of the toxicant greatly
affects the dynamics behaviors of the model. We also note that the competition among
the microorganism species can not lead them to be extinct.

From Corollary 3.1 and Theorem 3.2, we can see the extinction and permanence of
the microorganism are dependent of time delays for growth response of the microor-
ganism. Ultimately, when time delays for growth response is too long, the permanence
of system disappears and the consumer population of the microorganism dies out, then
we call it “profitless” time delays. This shows the sensitivity of the model dynamics
on time delays (growth response). The ultimate scenario makes intuitive biological
sense: if it takes too long to grow then the highest possible recruitment rate to the
microorganism species (,uie_D %i(i = 1,2)) will drop below the losing rate to flow
out D and the death of the microorganism population which is killed by the toxicant
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leading to the extinction of x; (i = 1, 2). This implies that time delays are significant
influence on the dynamics behaviors of the model.

In conclusion, the fact that the microorganism cultures with variable yields exhibit
sustained oscillations has an important implication for coexistence. In a sense, our
results may provide a theoretical policy for the microorganism cultures in experiment.

In the following, we show the above results by numerical analysis. Then we con-
sider the hypothetical set of parameter values as u; = 1.1, up = 1,81 = 6 = 1,
K =08 Ky;=09,D=05,r1=rn=06,8=8=02,11 =10 =0.1.

If ySo = 0.5, yco = 0.3, T = 1, then Theorem 3.1 hold true, which implies that
the microorganism species be extinct (see Fig. 1a, b). Synchronously, the input con-
centration of the toxicant and the input concentration of the substrate exhibit periodic
oscillation (see Fig. 4a, b). Figure 5a and b shows periodic solution ($*(¢), 0, 0, ¢*(¢))
of system (2) is globally attractive.

() . (b)

0.75 1 ’

07 0.28 4

055 0.2 -
s 06 C 024

055 022 4

05 02 4

T T 018
80 90 100 110 120 80 90 100 10 120

Fig. 4 Dynamical behavior of the system (2) with u; = 1.1, up = 1,81 =8 =1, K1 = 0.8, K, = 0.9,
D=05r=rn=06,p8=p=02,11=1=0.1,yS =0.5,yco = 0.3, T = 1. a Time-series of
S(t). b Time-series of ¢(t)

(a) (b)

Fig. 5 Dynamical behavior of the system (2) with u; = 1.1, up = 1,81 =8 =1, K1 = 0.8, K, = 0.9,
D=05r1=rn=068=p=02,1=1=0.1,yS =0.5, yco = 0.3, T = 1. a Phase portrait
of S(¢), x1(¢) and x (). b Phase portrait of ¢(¢), x1(¢) and x(¢)
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(a) (b)
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1 t

Fig. 6 Dynamical behavior of the system (2) with u; = 1.1, up = 1,81 =8 =1, K1 = 0.8, K» = 0.9,
D=05r=r=068=p=02,711=1=0.1,yS) =12, T =0.5. a Time-series of S(¢) with
yco = 0.3. b Time-series of ¢(¢) with yco = 0.3

IfySo=1.2,yco =0.3,T = 0.5, then Theorem 3.2 hold true, which implies that
the microorganism species be permanent (see Figs. 2a, b; 3a, b). The input concen-
tration of the toxicant and the input concentration of the substrate exhibit permanence
and periodic oscillation (see Fig. 6a, b). Synchronously, that the microorganism pop-
ulation also exhibits periodic oscillation (see Fig. 2a, b). From Fig. 3a and b, we can
see that system (2) has a globally asymptotically stable periodic solution.

If ycp = 0.9 and the other parameter values are invariable, then the permanence of
the microorganism species die out (see Fig. 3c, d). This shows that the input concen-
tration of the toxicant can lead to the microorganism species be extinct.
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